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Let Y= /%, be a subspace of codimension two and let 2(/”, Y) denote the set of
all linear projections from /%, onto Y. A complete characterization of Y for which
there exists P, € Z(I%,, Y) such that |[Id—P,| =1 will be given. Also an estimate
from below of the constant

MY, %) =inf {|ld—P|: Pe 2(I",, Y)}

as well as the formulas for cominimal projections in some particular cases will be
presented.  © 1999 Academic Press

1. INTRODUCTION

Let X be a normed space and let Y= X be a linear subspace of X.
A bounded linear operator P: X — Y is called a projection if Py=y for
any ye Y. Denote by Z(X, Y) the set of all projections from X onto Y.
A projection Py, is called cominimal iff

[Id— Py | = ,(Y, X)=inf { |Id— P|: Pe Z(X, Y)}. (1.1)

The significance of this notion can be illustrated by the following well
known inequality:

(1+ | P|)dist(x, Y) > |[Id— P|| dist(x, Y)
> [(1d — P)(x)|| = dist(x, Y)

for every xe X\Y and Pe 2(X, Y).
This means that if |P| or |Id— P| is small then Px is a “good” linear
replacement of any xe X in Y. It is easily seen that

|Id— P|| =1 for every PeZ2(X,7Y).
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It is also clear that if P, is a cominimal projection then
|Id — P, || = dist(ld, (X, Y)).

For more information concerning minimal and cominimal projections the
reader is referred to [CL], [CM1], [CM2], [CP], [FMW], [ Fr], [KT].
Also a more complete list of references can be found in [ LO]. It is easy to
prove that if Y is a hyperplane in X then 1,(Y, X)=1. If codim Y>1 the
formulas for cominimal projections as well as the value of the constant
A;(Y, X) are not known apart from some trivial cases.

The aim of this paper is to investigate the constant 4,(Y, /%)) where /7,
denotes the space R" with the maximum norm and Y is a subspace of /7,
of codimension two. We present a complete characterization of subspaces
Y for which 4,(Y, X)=1 (Theorem 3.1). If 1,(Y, X)> 1, an estimate from
below of this constant will be shown (Theorem 3.5). Also a formula
for cominimal projections as well as the exact value of 4,(Y, X) will be
determined in some particular cases (Theorem 3.2, Example 3.3 and
Theorem 3.9).

Now let us introduce some notions and results which will be of use later.
By S(X) we denote the unit sphere in a normed space X and by ex?(X) the
set of its extreme points. The symbol Z(X, Y) means the space of all linear,
continuous mappings from X to Y. If Y is a linear subspace of X we write

Py={Le L(X,Y): L|y=0}.
It is obvious that
A Y, X)=dist(ld— P, %y)

for every Pe 2(X, Y).
If X=1/7, the symbol T,

> 1 j€{1,2, .., n} stands for a transposition

T (X 15 ey Xy oeny Xy evny X)) Z X150y Xy ovey Xy anny X)), (1.2)

where x = (xy, ..., x,,) € R”. Now let X be a normed space. For any x € X set
E(x)={feext(X*): f(x)=|lx]}.

DerFiniTION 1.1 [SW, Def. 5.1]. Let X be a real normed space,
xeX\{0} and let YcX be an n-dimensional linear subspace. A set
I={g", .., g} cext(X*) is called an I-ser iff there exist positive numbers
21, ..., 2% such that

k . .
Y Ag'ly=0.

i=1
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If moreover I < E(x) the I is called an I-set with respect to x. An I-set I is
said to be minimal, if there is no proper subset of I which forms I-set. A
minimal I-set I is called regular iff k =n + 1 (by the Caratheodory theorem
n+ 1 is the largest possible number (see [ Ch])).

The importance of regular I-set is illustrated by
THEOREM 1.2 [SW, Th. 58]. Let X be a real normed space. Let

xeX\Y, yeY. If there exists a regular I-set for x— y then y is a strongly
unique best approximation to x in Y.

From [RS] it immediately follows

THeOREM 1.3 [RS]. Let X be a finite dimensional normed space. Then
ext(L*( X)) =ext(X*)®ext(X),

where (x* ® x)(L) = x*(Lx) for xe X, x*e X* and Le (X, X).

LeEmMMA 1.4 (see, e.g., [BC]). Assume X is a normed space and let Y <« X

be a subspace of codimension k, Y= (\*_, ker g’ where g'e X* are linearly

independent. Let Pe P (X, Y). Then there exist y', ..., y* € X satisfying
g(y)=0.; Lj=1..k (1.3)

such that
x—Px=) g'(x)y" for xeX (1.4)

On the other hand, if y',.. y*eY satisfy (1.3) then the operator
P=1d—Y%_, g'(-) y" belongs to ?(X, Y).

LEMMA 1.5. Let X=1I" and let Y= \*_, ker g', k <n, where g'e S(X*)
are linearly independent. Let Pe P(X,Y), P=I1d—Y*_, ¢'(-) y" where
V'eR" ie{l, .., k}. Then

> (1.5)

k . .
Y glyi

Jj=1

|[Id— P|| = max <Z
ie{l

oy \(Z)

Proof. Let xe S(X). Then

[(Id—P)(x)| = max
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Setting x = (x;, x,, ..., X,,) such that

k k
sen ), gyl it X gyl #0

j=1 j=1
k . .
0 it Y glyi=0
j=1

for s={1,2,..,n}, we get the result. ||

Lemma 1.6 (see, e.g., [LO, Prop. 11.7.1, p. 82]). Let Y., Y, be two
linear subspaces of a normed space X. Suppose that there is a linear isometry
T of X into itself such that T(Y,)=Y,. Then /,(Y,, X)=21,(Y,, X).

Proof. Let us define a mapping @ from Z(X, Y,) onto Z(X, Y,) by
D(P)=ToP-T™ 1

Since Id commutes with T and T~! it is easy to see that
|Id — ®@(P)| = ||[Id— P| for any Pe 2(X, Y,) which completes the proof.

DeriNiTION 1.7. Let X be a normed space and Y;, Y, be two linear
subspaces of X. It is said that Y, is equivalent up to isometry to Y, iff there
is a linear isometry 7 of X into itself such that 7(Y,) = Y,.

2. TECHNICAL LEMMAS
In this section, unless otherwise stated, we assume that ne N, n> 3.

LEmMMA 2.1 (see [Le, Lemma 2.1]). Let YclI? be a subspace of
codimension two, Y =ker g' nker g where g', g>€ S(I}) are linearly inde-
pendent functionals. Then there is a linear subspace Y < I", equivalent up to
isometry to Y such that Y =Xker §' nker &2, where ', g*e S(I7) are of the
for’g;gl = (}gi’ 0, g; ) grlz)a gzz (0, g;: g’g’ ] gi)a gis g%>07 g]ls g]2>of0r
je{3, .., n}.

Let g, g2e S(I7) be linearly independent functionals such that

g'=(g1.0, 83, .. &) (2.1)
g>=(0, g3, g3, - &2), (2.2)
21.85>0, g},g7>0 and gi+g;>0 for je{l,..n}. (23)
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Hence Y =ker g' nker g% is a subspace of codimension two in R". Let
»h y € YR” satisty (1.3) and let P, e (1", Y) be the projection determined
by y!, y? (see Lemma 1.4), which means

(Id—P,)(x) = g'(x) y' + g%(x) y*.
For se {2, ..,n} we put

ue=g1 ), &

j=k+1
k
a2 1
vk_g2 z gi:
i=3

where by definition v, =u, =0.
Now some useful properties of the functionals g' and g? will be shown.

LEmMMA 2.2. There is only one number se{3,..,n} satisfying two
inequalities:

u, <, (24)

Ve <Ug_q. (2.5)

Proof. The sequence (up)reys, . »y 15 decreasing, while the sequence
(Vi)kefo, .,y 18 increasing. If neither u; <v; nor v,_; <u the number

n—1>
s=min{k: u, <v,} €{4,..,n—1}

clearly satisfies the lemma. It follows easily that if u; <v; then u,,_, <v,_;
and we get s =3. Analogously if v,,_; <u,_, then v3<u;and s=n. |

LemMA 2.3. There is only one number se{3,..,n} satisfying two
inequalities:

Uy, <y (2.6)

Usflgusfl‘ (27)

Proof. 1If neither uy <v; nor v, _, <u,_,, the number

n—1
s=min{k: u, <v,} €{4,..,n—1}

satisfies the lemma. If uy<v; then u,_;<v,_; and s=3, if v,,_; <u
then v;<u; and s=n. ||

n—1

The only s constructed in Lemma 2.2 will be denoted by s, and the only
s constructed in Lemma 2.3 by s,.
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LEMMA 2.4. There are two possibilities: (s,=s,) or (s,=s,—1).

Proof. By definition s, and s, we ge that s,<s,. If in (2.4) we have
ug <v, then s, satisfies Lemma 2.3 and we have s,=s,. If in (2.4) we have
ug, =v,, then it is easy to check that u, ., <v, ,, and s,=s,+ 1 satisfies
Lemma 2.3. ||

Let se{3,...n} and g', g2e S(/7) be linearly independent functionals
satisfying (2.1)—(2.3). Suppose

1 1
det{g; gg} £0 (2.8)
i J

for every i, je {1, 2, ..,n}, i# j, then we set

. g &
I=<ie{3, ., n}:=5>=5,,

{ }gf g;

1 1

. g &
J={]e 3.0 :S<}.

{ }gf g

THEOREM 2.5. Let

Pl=e, ®(1, —1,1,..,1)

=, ®(—1,1,1,..,1)

p=e,®(1,1,..1)
¢i=e,® (1, 1,..1)
=, ®(—1,1,1,.,1)
J=¢,® (1. 1,..1)
$i=e,@(1, —1,1,.., 1)

for iel, jeJ, where e,(x)=x; for xe R and ke {1, .., n}.
Then { ¢, §2¢°, %, 5041, ¢4}, (iel, jeJ) is a minimal, regular I-set.
Proof. Consider the following equation:
VY g, + 2202 o, + 2% o, + D (2105 o, + 25051 2)
iel
+ 2 (M {le,+ 2494l e,)=0 (2.9)
jeJ

with unknown variables A', 1%, A%, A}, 15, A{, A4, (iel, jeJ). Note that
dim %y=2(n—2) and the mappings {g'(-)wX, g*(-)wX }, ke {3, .., n}
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form basis of %.

(Here w*=(—g/g1, —8¢/83, 0,
where 1 is equal to the k-th coordinate.)

AGNIESZKA LIPIETA

,0,1,0,..,0)¢e

ER}’I

Fix A'=1. Taking the value of the both sides of (2.9) on the elements

{g'()ws, g%(-) w}, we get

1
&
gl

jr=82 (1 _2g

1

=

Hence

2gs

2

> (1-2gy)

)+/12gs.
gz

2\2

=

gi(g3)

>0.

gi(g1)?

By (2.10) and (2.11)

s 8185
=gt

1

Now let kelIu J. Put

gkgs gz

g(1—g1)+gi(l1—g3)]1>0.

g = g
—+ s (1-2g )
G T el
2,12
k gk 2, 8k8s82
as==""(1—2g37)+ )
> gl 7 gdg)?
Taking the value of the both sides of (2.9)
{g'(-)w', g2(-) w'}, for iel we get
451 —2gh)=d}
M+ A =dl.
Applying the Cramer rule we get A} = W* /W’ A=W, /W', where
1 1-—2g!
=det &1 =2g1>0
11
; [a} 1-2g; g
Wi =det| ' =28 et - g+ g3 - b
Ld> 1 1
_ oL e _elesgi| . sigs
=det i Te 2 e |8 T 1 |-
L1 a5 g:(g1) g5

(2.10)

(2.11)

(2.12)

on the elements
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It is obvious that W% >0 and A} >0. If ie [ then W% >0 and consequently,
25>0. Taking the value of the both sides of (2.9) on the elements
{g'(-) w7, g%(-) w'}, for jeJ we get

M+M=a]
M+ 21— 2g2) = .

In the same way we obtain 1] >0, 14> 0.

It is easy to check that the above constructed /-set is regular and minimal,
which gives the result. ||

3. THE MAIN RESULTS

TueOREM 3.1. Let g', g% .., g€ S(I"), k<n, be linearly independent
functionals such that g;>0 for every i€ {1,2, ..k}, je{l,2,..,n}, gi>0,
gi=0 for every i, je {1,2, ...k}, i# j. Put Y=\_, ker g'. Let y'el",, and
Py e (%) satisfy (1.3) and (1.4).

Then || Id — Py || =1 if and only if for every i# jsupp(g’) nsupp(g’) = &,
where

supp(g') = {k: g} #0}.

Moreover if g; #0 then for every te {1, ..k},

T
Proof. Suppose that |[Id— P,| =1. Then by (1.5)
L=|Id—P,|| > y; +yj+ - + ]|
for every je {1, 2, ..,n}. Since g'e S(I7), by (1.3),
Vi+yi+ o +yi=1 (3.2)

Note that by Lemma 1.5, for every i€ {1, .., k} and je {1, .., n}

l=ld—P,|=glyl+ - +gizipi=l—glyi+ gitlpi+i4 ...
n k . .
+teit XX gy

t=k+1i=1
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By (3.2) and the above inequality, 0> —2g° y} and consequently
¥i=0 (33)

for ie{l,..,k} and je{l, .., nj. Now let g;>0 for some j#i Then for
te{l, .k}, t#i

i=(= ¥ st ) (34)

k: g}c#O

Consequently, by (3.3), for any ¢1#i y;= 0. In View of (3.2) yj'— 1, which
proves (3.1). Hence for every i such that g’ >0, y;=1. By (3.1), there is at
most one i€ {1, .., k} with g;>0 which proves that supp( Nrsupp(g) =&
if i#lL Conversely, suppose that supp(g)msupp(g) %] for i#l For
any ie{l, ..k}, ]e{ . n} define yi=1 if gi>0 and yi=0 in the
opposite case. Put y’= (y,,. o V0. Smce supp(g )msupp( = for 1#i,
g'(y")=6,, Let P,e2(I",Y) be the projection determined by y', ..., y*
(see Lemma 1.4). But Lemma 1.5, ||Id— P,|| =1, which completes the
proof. |

Now let n>3, s=s, (see Lemma 2.4) and g', g% S(/}) be linearly inde-
pendent functionals satisfying (2.1)—(2.3), and (2.8). Suppose additionally
that

1 1

g—;<g—§< <g—". (3.5)
83 84 g

Note that if in (2.8) we set i=1 then we have g7 #0 for je {3, .., n}, on
the other hand if we set j=2 then g} #0 for ie {3, .., n}.

Put Y =ker g' nker g and x,= (g3 g1+ g1 g3)/(gs X/_, & + &2 2323 &)

THEOREM 3.2. If

1+ x, > max {g3+2g2 §"+2g1} (3.6)

3 n

then

21 1.2

8:811T8:8>
= . — =AY, 0"). (3.7)
gigit+eigi—2gieael Y gi+eiyizie) N
Moreover there is a strongly unique (in particular unique) minimal projection.
This projection is determined by the vectors y', y* € V" satisfy (1.3) such that
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0 if ke{3,.,s—1}
8~ 1 &
g8 t8,8-220185(8 X, &+ e XiZ38)  (38)
if k=s

d, if ke{s+1,..n}

=<
>
Il

d, if ke{3,.,s—1}
gy g Yl gl
s—1

i={ gt g -20183e X, &+ YT 8)  (39)
if k=s

0 if ke{s+1,..,n}.

Proof. Consider a system of equations
¢(g'(-) '+ g%() y)=d,  for ke{l,2 s} (3.10)
$i(g' () y +g¥()y)=d, for ke{3,..nf\{s}, le{l,2}
gy =gy =1
g'(y?)=g*(»")=0.

By the definition of ¢*, ¢% (see Theorem 2.5), (3.10), (3.11) can be rewritten
in the form

(3.11)

yi+(1-2g3) yi=d, (3.12)
(1-2g)) y3+y3=d, (3.13)
yityi=d, (3.14)
1 2 .
yi:()a Vi :ds for iel
1 2 _ : (3.15)
y; =ds, y; =0 for jed.
From this we get:
_ 8:81+8:&
toglglteigr 28185 Y g+ e Yish gl
o [ED NN SR 4D Y - (316)
toglgiteses—2g5(g Y e+ eiizs g)) '
2 gy g g Yils gl

S glgitelg 21 gien Yl g e Yisy gl
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Note that if s,=s, then y!>0 and y>>0. If s,=s,+ 1 then y!=0 and
y2>0. Let Poe2(I", Y) be the projection determined by y' and y?. By
Lemmas 2.2-2.4 and (3.14) we have

¢°(Ild— Py) = ||Id — Py || = d. (3.17)
By (3.15) it is easy to see that
¢¥(Id— Py) = |1d — P, | =d, for ke{3,..n}\{s}, le{l,2}. (3.18)
Note that
gryr g+ giyiii gl
g1+ 8—28185e X e+ e gl)
Hence by (3.12), (3.13) we get

yi=yi=-—

1

yl ds 2
= +1—-2g

- = 2

2

d

B S 12gl
— V2 — )2

In view of (3.6) and (3.16)

o8

-y1 g

V3 &

1= 2>»

— )2 n

which by (3.5) gives

¢'(Id— Py) = ||Id— P, || = d,, (3.19)
*(Id— Py) = |[1d— Py | =d,. (3.20)

Consequently, the functionals @', ¢2, ¢*, ¢, %, ¢4, ¢4 form a regular I-set,
with respect to Id— P,.

By Theorem 13 ¢', ¢% ¢°, ¢%, @5, ¢4, ¢feext(L*(")). From
(3.17)—(3.20) it follows that this I-set is contained in E(Id — Py).

By Theorem 1.2, 0 is the unique best approximation for Id — P, in %y,
which means that Id— P, is the unique minimal projection and we get
(3.7)-(39). 1

ExampLE 3.3. 1. Let n=3, g'=(1/3,0,2/3), g2=(0,3/4, 1/4) satisfy
(2.1)-(2.3), (2.8), (3.5), Y=ker g' nker g% Then s=3 and yj/—y?=3
>g2/g} and y2/— yl =23/6 > g /g2 which give (3.6).
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By Theorem 3.2 we get d;=7/6 satisfies (3.7) and projection P, is
cominimal.

2. Put n=4, g'=(1/3,0,1/3,1/3), g2=(0,1/2,1/3,1/6) satisfy
(2.1)-(2.3), (2.8), (3.5), Y =ker g' nker g> Note that s=3 and y}/— y?=
5/3>g%/gs, y3/—yi=2>g./g2 so we have (3.6), dy=>5/4 satisfies (3.7)
and projection P, is cominimal.

3. Putn=5, g'=(2/3,0,1/27,1/9,5/27), g = (0, 3/4, 1/12, 1/9, 1/18)
satisfy (2.1)-(2.3), (2.8), (3.5), Y=ker g' nker g% Now s=4, yl/—y?=
71/11 > g3/g}, y3/y; =437/66 >g4/gs and d,=153/131 satisfies (3.7), and
projection P is cominimal.

4. Let n=7, g'=(95/298,0,27/298, 43/298, 27/298, 81/298, 25/298),
g2 = (0, 94/200, 21/200, 28/200, 14/200, 34/200, 9/200) satisfy (2.1)~(2.3),
(2.8), (3.5), Y=ker g' nker g% We have s=4, y!/— »? 2 1.57938 > g2/g!,
3/ — 3 ~ 1.888180 > g1 /g3, d, ~ 1.24568 satisfies (3.7), and projection P,
is cominimal.

Remark 3.4. Note that if Sb—s +1 then x, =x, . If we assume s=s,
in Theorem 3.2 then d, =d, = ysb = ys and ys = ys =0.

If (3.6) is valid and s —sb then by Theorem 3.2 dy, =4 ( Y, ")) and we get
the cominimal projection from Theorem 3.2 for s —s

THEOREM 3.5. Suppose that (3.6) does not hold. Then
l<d,<2,(Y,I7).
Proof. Firstly we show that 1 <d,. We need only to prove that:

g+ erg— 2g1g2<g§ Y gi+el Z >

j=s
Note that

n s—1
g2gi+8,85— 1g2<g Y g2+g2 Yy g3>
Jj= i=3

s

=glg| (1 —2g3 ) &

)
-sisl| 1= 5, 21)

+gig§{g}<1—_2 gf>+<2 gi—a X g5>+ 2 g}]

i=3 Jj=s+1 j=s+1

+g;g§<l—2gi 5 g5>

Jj=s+1

n s—1 s—1
+<Z g—g g}>+ Y g?} 21858, 82
= i=3 i=3
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Note that

~siaeerag)d(1- ¥ g)e(Se-et T g)e ¥ ]
i=3

Jj=s+1 j=s+1 j=s+1

=g§g§[gi<1— 2 g?>+< gi—8& X g?>+ 2 g}]

j=s i=3 j=s+1 j=s+1
By Lemma 2.2 we get the result.

The inequality d;<4,(Y, ") follows from Theorem 2.5, (3.17)—(3.20)
and from the fact that if we have a functional F of norm 1 vanishing on L,
then

A Y, I") = F(Id— P)

for any Pe2(I”,, Y). 1

ExaMmpLE 3.6. 1. Letn=d4,g'=(1/3,0,1/3, 1/3),g°= (0, 1,2, 4/10, 1/10)
satisfy (2.1)-(2.3), (2.8), (3.5), Y =ker g' nker g% Now s=3, but y3/— y}
=32/15<gi/g% so (3.6) does not hold. We get dy=27/11<7,(Y,[2%)
< 1.39092.

2. Letn=5,g"=(6/21,0,6/21,5/21,4/21), &= (0, 3/17, 7/17, 4/17, 3/17)
satisfy (2.1)-(2.3), (2.8), (3.5), Y =ker g' nker g°. Now we have s =4 and
yi/—y}=1312/1003 < g5 /g} so (3.6) does not hold.

We get d, = 1547/1311 < 2,(Y, I,) < 1.31580.

Remark 3.7. 1f g', g*eS(I") have negative coordinates then by
Lemma 2.1 there exist functionals &', §*€ S(/7) such that (2.1)-(2.3) are
satisfied and Y =ker g' nker g2 is equivalent up to isometry (see Def. 1.7)
to Y=ker g' nker g2

By Lemma 1.6, ,(Y, " )=/,(Y,I"). Moreover, if P,e2(I" , )7} is a
cominimal projection then Po=A"'oPyoAdeP(I",Y) is a cominimal
projection onto Y. Here A is a linear isometry from /7 onto itself such that
A(Y)=7Y. Also the estimate from below presented in Theorem 3.5 is
invariant under linear isometries. Hence by Lemma 2.1, Theorem 3.5 works
for any Y with A,(Y, /7)) <1. Note that Theorem 3.1 gives a complete
characterization of this case.

Remark 3.8. The formula from Theorem 3.2 and the estimate from
Theorem 3.5 remain true if (2.8) is not satisfied. It follows easily from the
fact that a function

(f: &) = Agker (f) Lker (g),17)

is continuous (where f, g € S(/7)).
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Theorem 3.9. If n=3 then projection P, given by (3.8), (3.9) is

cominimal.
Proof. 1f n=3 then
1 2 2.1 1,2
+ 1 1
I SR et L §<1+z—2>>0=
-1 & gs3(1—g3) 83 &3
2 1 1,2 2 1
+ 1 1
J’21_g%:1_2gi+g3<2gz g31g1: i<1+2_2>>05
— V2 &3 g3(1—g1) 83 &3

which gives the result. ||

Remark 3.10. If n=23 then

_ 283+ 2183
g383+28183—2¢818528343

3

The cominimal projection is determined by the vectors y', y*el3,
satisfying (1.3) such that

[BC]
[Ch]

[CL]

[CMI]
[CM2]

[CP]

[FMW]

[Fr]

e 8583
P ogigi+giei—2g1858583
2 2183 N

gg it glei—2¢g1838:83
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